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Abstract
Geometrical features of a curved nonlinear wavefront or a shock front differ significantly
from those of a linear wavefront. The difference is not only in the nature of singularities
which appear on the fronts but also in the shapes of the fronts topologically. When a
linear wavefront moving with a constant normal velocity is concave to the direction of
motion, a caustic is formed and the wavefront folds. A moderately strong converging
nonlinear wavefront or a shock front ultimately takes a topologically different shape
without any fold but with kinks such that when we move on the front, the normal
direction suffers jump discontinuity across each of these kinks [82, 105, 110]. The wave
amplitude of a linear front tends to infinity at a cusp but that of a nonlinear front
or a shock front remains finite everywhere and suffer jumps across the kinks [82]. The
evolution of a nonlinear wavefront or a shock front is governed by a coupled system of ray
equations and transport equations for the wave amplitude along the rays. However, the
ray and transport equations in a differential form are not valid when the kinks appear
on the front, instead one requires a conservation form these equations. The physically
realistic conservation form of the equations of evolution of a front propagating in a two-
dimensional medium are called two-dimensional (2-D) kinematical conservation laws
(KCL). The 2-D KCL has been extensively studied in the works of Prasad and his
coworkers, see [82, 83] and the references therein.
In this thesis we derive and analyse the conservation form of equations of evolution
of a surface in three-dimensional space R3, known as three-dimensional (3-D) KCL.
The thesis contains the results of our mathematical analysis and numerical simulations
with the 3-D KCL system. It is divided into six chapters, of which chapter 1 is the
introduction to the subject.
In chapter 1 we start with a brief review of the historical development of nonlinear
wave propagation governed by a hyperbolic system of conservation laws. The funda-
mental notions of weak solutions, Rankine-Hugoniot jump conditions, admissibility of
weak solutions and entropy have been presented for the sake of making the material self
content. We next pass on to the discussion of the classical multi-dimensional character-
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istic theory, especially aimed at systems of conservation laws. It is well known that on
a characteristic surface Ω of a hyperbolic system of first order equations in space-time
(x, t), there exits a compatibility condition which is in the form of a transport equa-
tion along a bicharacteristic on Ω. This result can also be interpreted as a transport
equation along a ray of the wavefront Ωt in x-space associated with Ω, see [82]. For
a system of quasi-linear equations, the ray equations and the transport equation form
a coupled system of under-determined equations. These equations in short wavelength
approximation (geometrical optics method) provide an adequate description of hyper-
bolic waves and can be used to find the successive positions of the wavefront. However,
geometrical optics for a linear system, in the leading order approximation, fails at caus-
tics as the amplitude becomes infinite there. This necessitates the development of a
nonlinear theory to the problems of propagation of a front in a nonlinear system. Two
such nonlinear theories have been developed in the works of Prasad and collaborators,
namely the weakly nonlinear ray theory (WNLRT) and shock ray theory (SRT). We
briefly review the WNLRT and SRT in two dimensions. We also sketch the derivation
of 2-D KCL and present a conservation form of the equations of WNLRT and SRT in
two dimensions.
The derivation of 3-D KCL is taken up in chapter 2. We start with a discussion of
the ray equations of an isotropically evolving surface Ωt in R
3. The derivation of 3-D
KCL requires a pair of coordinates (ξ1, ξ2) on Ωt at any time t. The surface Ωt and
hence, the coordinates (ξ1, ξ2) evolve according to geometrical laws and the dynamical
laws of the medium in which Ωt propagates. Based on geometrical considerations we
can derive the 3-D KCL [7, 36]
(g1u)t − (mn)ξ1 = 0, (A.1)
(g2v)t − (mn)ξ2 = 0. (A.2)
Here m denotes the normal velocity of Ωt, u and v are respectively the unit tangent
vectors to the curves ξ2 = const and ξ1 = const on Ωt and g1 and g2 are respec-
tively the metrics associated with the variables ξ1 and ξ2. Note that (A.1)-(A.2) is an
under-determined system of six conservation laws in seven variables g1, g2,m and two
independent components of each of u and v. Therefore, additional closure relations are
needed to get a completely determined set of equations. The conservative variables of
the 3-D KCL are also constrained by a stationary constraint
(g2v)ξ1 − (g1u)ξ2 = 0. (A.3)
The vector constraint (A.3) contains three scalar constraints, each of them is like a
divergence-free condition. We call the constraint (A.3) as ‘geometric solenoidal con-
straint’. As long as the surface Ωt remains smooth, the 3-D KCL (A.1)-(A.2) and the
ray equations of Ωt are equivalent. On the other hand, for discontinuous solutions, a
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shock front in a weak solution of KCL in (ξ1, ξ2)-plane is mapped onto a kink curve on
the front Ωt and the shock jump conditions imply the conservation of distance in any
arbitrary direction in R3, see [7].
The chapters 3 and 4 are devoted to two potential applications of the 3-D KCL theory,
viz. the propagation of a weakly nonlinear wavefront and a weak shock front respectively.
In chapter 3 we derive a transport equation of WNLRT in three space dimensions by
considering the energy conservation in a ray tube. The transport equation, written in
a conservation form in the ray coordinates leads to a closure equation for 3-D KCL.
The resulting system of conservation laws, namely the 3-D KCL and the transport
equation is termed as the conservation laws of 3-D WNLRT. The 3-D WNLRT governs
the propagation of a weakly nonlinear wavefront in a polytropic gas, which can have
singularities. Due to the complexity of the flux functions in the conservation laws of
3-D WNLRT, the eigenvalues of this system could not be obtained by direct calculation.
We use a novel method of transformation of coordinates at point on the wavefront
Ωt to deduce the expressions for the nonzero eigenvalues of 3-D WNLRT. It has been
proved that the 3-D WNLRT equations have a repeated eigenvalue zero of multiplicity
five, however, the associated eigenspace is only four-dimensional. Hence, 3-D WNLRT
equations forms a weakly hyperbolic system of conservation laws. In chapter 4 we deal
with the study of propagation of a weak shock front into a polytropic gas in a uniform
state and at rest. Following a general result of [77], we deduce the weak shock ray
equations from 3-D WNLRT. A coupled set of two transport equations for the shock
amplitude and the normal derivative of the gas density at the shock front form the closure
relations for 3-D KCL in the case of a weak shock. Unlike the equations of WNLRT,
the equations of SRT forms a system of balance laws with source terms, known as 3-D
SRT. The additional source terms represent the interaction of the shock front with the
nonlinear waves from behind, which is responsible for the amplification or decay of the
shock strength and an effect of genuine nonlinearity. The conservation laws of 3-D SRT
also forms a weakly hyperbolic system, which contains eight equations.
Since we have an incomplete set of eigenvectors for the system of conservation laws of
3-D WNLRT as well as 3-D SRT, an initial value problem is not well-posed in the strong
hyperbolic sense and is likely to be more sensitive than regular hyperbolic systems from
computational point of view. Numerical as well as theoretical analysis indicates that the
solution may not belong to BV spaces and can only be measure valued. Despite theo-
retical difficulties, we have been able to develop numerical codes for both 3-D WNLRT
and 3-D SRT using simple but robust central schemes. For a weakly hyperbolic system
the central schemes are much easily applicable than any characteristic-based scheme.
Moreover, the simplicity of central finite volume schemes makes it convenient to employ
them for the numerical solution of the complex system of conservation laws of WNLRT
and SRT. In chapter 5 we present a numerical approximation of the balance laws using
a Kurganov-Tadmor type semi-discrete central scheme [54]. In order to get second order
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accuracy we use standard MUSCL type reconstructions and TVD Runge-Kutta time
stepping procedures. However, the high resolution central scheme need not respect the
geometric solenoidal constraint (A.3) and hence we use a constrained transport tech-
nique to enforce it. Note that the equation (A.3) implies the existence of three potentials
A1,A2,A3 so that the components of the vectors g1u and g2v are derivable from the
potentials [4]. With the aid of the 3-D KCL system (A.1)-(A.2) we obtain the evolution
equations for the potentials. These equations form a coupled system of three nonlinear
equations of the Hamilton-Jacobi type. The evolution equations for the potentials are
discretised on a staggered grid. The updated values of the potentials are used to get the
corrected values of g1u and g2v at the next time step, which satisfy a discrete version of
the constraint (A.3). In each time step, after solving the conservation laws we update
the ray equations using a second order Runge-Kutta scheme which gives the successive
positions of the front Ωt.
It well known from the literature that the solution to the Cauchy problem for a
weakly hyperbolic system contains a Jordan which grows polynomially in time. However,
the numerical solutions of the conservation laws of 3-D WNLRT and 3-D SRT do not
exhibit any such component. The reason for disappearance of the Jordan mode is the
constraint (A.3) which is preserved by system as well as the numerical scheme. Due
to the complexity of the equations of 3-D KCL we have not been able to establish this
result for the full nonlinear system. In order to justify our assertion we first linearise
the system of conservation laws of 3-D WNLRT about a constant state, viz. a planar
wavefront. We solve the linearised system analytically and show that for the linearised
system the Jordan mode does not appear when the geometric solenoidal constraint is
satisfied. We strongly believe the same result to hold true also for the full nonlinear
system.
Chapter 6 contains the results of extensive numerical computations done with the
conservation laws of 3-D WNLRT and 3-D SRT, for a propagating curved wavefront and
shock front. The non-homogeneous terms in 3-D SRT are discretised directly without
employing any splitting strategies. We consider a general initial data in which the initial
geometry of the wavefront is prescribed. We choose the initial values of g1u and g2v
in such a way that the geometric solenoidal constraint (A.3) is satisfied at time t = 0.
The initial distribution of the normal velocity m is chosen suitably. We take several
initial configurations, such as a non-symmetric dip, circular cylinder, hyperboloid, and
sphere. We have also investigated the corrugational stability of a front, by which we
mean the stability of a planar front to perturbations. We consider two different initial
configurations, each of them models the smooth perturbation of a plane. In both the
cases the front, during its time evolution, develops a complex pattern of kinks and
ultimately tends to be planar. An important observation is that for a corrugationally
stable wavefront, the normal velocity m approaches its initial average value as time
t→∞. On the other hand, for a weak shock front, when the normal derivative V of the
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gas density behind the shock is positive at t = 0, the shock Mach number M tends to
one and V tends to zero. It is to be emphasised that in all the test problems considered
in the thesis, the geometric solenoidal constraint is satisfied up to machine accuracy.
We have also done a comparison between 3-D WNLRT and 3-D SRT which gives us a
qualitative picture of the long time behaviour of a wavefront and a shock front.
The 3-D KCL is a quite complex system of conservation laws. Nonetheless, as far as
we know this is the only system which gives correct location and geometry of a moving
surface - which has singularities and topologically correct shapes [7, 4]. In this thesis
we have made an attempt to put the theory of 3-D KCL in a firm foundation. There
is a lot of scope for doing theoretical and numerical investigation on 3-D KCL systems.
Attempts in this direction will be fruitful as the results will be applicable also to other
moving interfaces, where the theory may reveal many physically realistic results.
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